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INTRODUCTION
This work addresses the question of the interplay of DNA demixing and supercoiling in bacterial cells. Prokaryotic cells are simpler than eukaryotic ones in many respects, yet several of their fundamental features remain poorly understood. For example, the mechanism leading to the formation of the bacterial nucleoid is a longstanding but still lively debated question (1) (2) (3) (4) (5) . The nucleoid is the region of the cell which contains the genomic DNA, together with a certain number of proteins and other macromolecules (6) . In contrast with the nucleus of eukaryotic cells, the bacterial nucleoid is not separated from the rest of the cytosol by a bounding membrane. It nevertheless occupies only a fraction of the cell, whose volume depends sensitively on several factors, like the richness of the nutrients (7) (8) (9) (10) (11) , the cell cycle step (12, 13) , and the eventual addition of antibiotics (9) (10) (11) (14) (15) (16) (17) (18) . This is quite puzzling, because the volume of the unconstrained bacterial genomic DNA in physiological saline conditions (estimated from the Worm-Like Chain (WLC) model (19) ) is approximately thousand times larger than the volume of the cell. One has therefore to understand why the DNA molecule remains localized inside the nucleoid instead of expanding throughout the cell.
It is becoming increasingly clear that the formation of plectonemes, the bridging of DNA duplexes by nucleoid proteins, and the action of short-range attractive forces, which are commonly evoked as the mechanisms responsible for the formation of the bacterial nucleoid (1) , may not play the leading role in the compaction of the DNA (see for example (4) and references therein). In contrast, the 20 years old proposition that increasing amounts of nonbinding globular macromolecules may be able to compact the genomic DNA gradually (20) (21) (22) (23) (24) has recently received strong support, both from the experimental (25) (26) (27) and computational (28) (29) (30) (31) (32) (33) sides. The proposed mechanism is that the overall repulsion between all components of the system leads to a separation into two phases (34) (35) (36) (37) (38) (39) (40) (41) (42) (43) (44) (45) , one of them being rich in DNA and poor in the other macromolecule (the nucleoid) and the other one being almost deprived of DNA (the rest of the cytosol). The connectivity of the long DNA molecule and its ability to deform close to and around the proteins to fit in void spaces between proteins play crucial roles in this mechanism, in that they induce many-body interaction terms that ultimately result in effective DNA-DNA and protein-protein attraction when DNA is depleted from the regions between particles. Compaction of the genomic DNA through its demixing from other macromolecules of the cytosol is the first point this work focuses on.
The second point deals with supercoiling, that is the winding about itself of the circular DNA double-helix in response to the torsional stress induced by topoisomerases (46) . Experimental and theoretical results suggest that supercoiling is able to induce some limited compaction of the bacterial DNA. For example, relaxation of the underwinding of the circular DNA molecule through inhibition of the topoisomerase activity leads to a modest increase in the size of E. coli nucleoids (14, 47) . Moreover, theoretical arguments suggest that the radius of gyration of an unconstrained supercoiled DNA molecule with contour length of 2.6 mm is of the order of 2.5 µm (48) , which is smaller than the WLC estimate for a circular chain with the same contour length (about 3.4 µm), but still significantly larger than the average dimensions of E. coli cells.
The question addressed in this paper is that of the interplay of these two mechanisms, DNA demixing and supercoiling, which are both able to compact the bacterial DNA, and more precisely the question whether the total compaction of the DNA coil is the mere sum or some more complex function of the compaction ratios due to each mechanism. Stated in other words, is the increase of DNA compaction ratio provoked by an increase of crowder density similar for torsionally relaxed (less compact) and supercoiled (more compact) DNA coils ?
Or, conversely, is the increase of DNA compaction ratio provoked by an increase of torsional stress similar for DNA immersed in a dilute cytosol (less compact DNA coils) and a highly crowded cytosol (more compact DNA coils) ? Indeed, plectonemes are composed of two intertwined DNA duplexes and are consequently thicker (estimated diameter in the range 10-32 nm for standard values of the underwinding of in vivo DNA (48-50) and more rigid (estimated persistence length of ≈80 nm (48)) than simple duplexes (diameter of ≈2 nm and persistence length of ≈50 nm). One may therefore expect that the demixing mechanism is less efficient in compacting plectonemic DNA than linear DNA, which implies that the effects of the two mechanisms do not simply add up.
More generally, understanding the interplay of DNA demixing and supercoiling is important for rationalizing some in vivo observations. For example, the nucleoid of certain bacteria, like E. coli, is divided into different macro-domains (4 macro-domains for E. coli cells), which display quite different densities of DNA nucleotides (51-54). It is known that certain families of nucleoid proteins probably contribute to the organisation of these macrodomains (55-57). On the other hand, it is also known that the DNA molecule is dynamically partitioned into several hundreds of independently supercoiled loops with average size ≈10 kb, which are called topological domains (58,59). One may therefore reason that the difference in DNA density in different macro-domains may result from different levels of supercoiling in the corresponding topological domains, provided that different levels of supercoiling result in different levels of DNA compaction at constant crowder density.
The topology and dynamics of free supercoiled DNA have received much attention from the experimental (47, 49, (60) (61) (62) (63) (64) , theoretical (65) , and numerical (66-72) points of view.
The effects of confinement (73) (74) (75) and increasing nucleic acid concentration (72,76) on supercoiled DNA have also been investigated. In contrast, much less work has been devoted to the influence of non-binding globular macromolecules on the conformations of supercoiled DNA (22, 48, 77, 78) . In the perspective of the present work, the most striking result is probably the observation that in crowded conditions the size of supercoiled DNA may exceed that of its linear variant (77) , which supports the putative non-additivity of the two compaction mechanisms. Moreover, condensation experiments suggest that the tight packing of DNA supercoils in condensates is facilitated by the decrease of the diameter of plectonemes rather than by a variation of the writhe/twist ratio (78) , which points towards the need for mechanical rearrangements of the plectonemes to accommodate strong compaction ratios. These results were however obtained for short plasmids (less than 3000 base pairs) in free solution and need to be confirmed for longer and confined DNA molecules.
In order to shed light on the interplay of DNA demixing and supercoiling, a coarsegrained model was developed along the same lines as those used previously to investigate facilitated diffusion (79) (80) (81) , the interactions of DNA and H-NS nucleoid proteins (82) (83) (84) , and the formation of the bacterial nucleoid (4, 5, 32, 33, 85) . Torsional energy was accounted for in the model as described in (86) and the properties of the full model were investigated for different values of the number of crowders and the superhelical density (i.e. the relative overwinding) of the DNA chain. In particular, the number of crowders was increased up to the jamming threshold, where strong compaction is known to occur (32, 33) , and the investigated range of superhelical density values encompasses the estimated value for E. coli (87) . The results presented in this article reveal that there actually exist different regimes, which are separated by threshold values of the crowder volume ratio and the DNA superhelical density.
In particular, a regime where the effects of DNA demixing and supercoiling on the compaction of the DNA coil simply add up is shown to exist up to moderate values of the superhelical density, while the mean radius of the DNA coil ceases to decrease above this threshold and may even increase again for sufficiently large crowder concentrations. Moreover, the model predicts that the DNA coil may depart from the spherical geometry very close to the jamming threshold, as a trade-off between the need to minimize the bending energy of stiff plectonemes and the need to minimize the volume of the DNA coil to accommodate demixing.
METHODS
The coarse-grained bead-and-spring model developed for the present study is described in detail in Model and Simulations in the Supporting Material. In brief, the DNA molecule is modeled, as in (84) , as a circular chain of 2880 beads with radius 1.0 nm separated at equilibrium by a distance 2.5 nm and enclosed in a confinement sphere of radius 120 nm, which represents the cell envelope. Two beads represent 15 base pairs and the circular chain therefore corresponds to 21600 base pairs. Both the contour length of the DNA chain and the volume of the confinement sphere are about 200 times smaller than their actual values in E. coli cells, so that the nucleic acid concentration of the model is close to the in vivo concentration of most bacteria (≈10 mM). Note that the spherical confinement chamber is adequate for modeling cocci, but not bacilli (including E. coli), which look rather like capped cylinders. DNA beads interact through stretching, bending, torsional, and electrostatic terms. The bending rigidity constant is chosen so that the model reproduces the known persistence length of double-stranded DNA (≈50 nm). The torsional energy term is borrowed from (86) and the torsional rigidity is adjusted so that at equilibrium the writhe contribution accounts for approximately 70% of the linking number difference (49) . The values of the bending and torsional rigidities are close together, in agreement with experimental results (49) . Electrostatic repulsion between DNA beads is written as a sum of Debye-Hückel terms, which depend on effective electrostatic charges placed at the center of each bead. The values of these charges are derived from the net linear charge density along a DNA molecule immersed in a buffer with monovalent cations according to Manning's counterion condensation theory (88, 89) . The value of the Debye length (≈1 nm) corresponds to a concentration of monovalent salt of 100 mM, which is the value that is generally assumed for the cytoplasm of bacterial cells. 
RESULTS AND DISCUSSION

The effect on DNA compaction of each mechanism taken separately
The evolution of the compaction of the DNA coil with ρ and σ is summarized in Fig.   3 , which shows the evolution of R which forms an increasing number of plectonemes to reduce torsional stress (see Fig. 1 ).
Plectonemes can conveniently be sought for as illustrated in Fig. S1 , which displays the index j of the bead located closest to bead i for the equilibrated DNA conformations shown in Fig Fig. 2 ). As was already observed in previous studies based on somewhat different models (32, 33) , demixing increases strongly close to the jamming threshold for spherical crowders ( 0.65
ρ ≈
). This is more clearly seen in Fig. S2 , which shows the evolution of R < > with ρ for torsionally relaxed DNA. A further slight increase of ρ beyond 0.65 will probably result in significantly stronger compaction of the DNA coil, as in (32, 33) , but the dynamics of the system becomes too slow to be numerically tractable with our computer facility.
The purpose of the present paper is to decipher the rest of Fig. 3 , that is to rationalize the compaction of topologically constrained DNA with increasing crowder volume fraction.
The additive regime at moderate superhelical density
A first remarkable feature of Fig. 3 Fig. 4 ) is more surprising, because one would rather imagine that compaction is favoured by unwinding rather than winding of the supercoils (78) . A possible interpretation of this observation is that further winding of the supercoils from . While in the third row the geometry of the DNA coil is again nearly spherical, so that the coil as the same aspect when viewed from any axis, this is no longer the case in the fourth row, where the geometry of the DNA coil is nearly toroidal, so that the coil appears like a ring when viewed parallel to the axis with largest momentum and like a disk when viewed perpendicular to this axis. As far as we can tell from 80 ms trajectories, both the spherical and toroidal conformations are stable or at least metastable.
Since the toroidal geometry was never observed for torsionally relaxed DNA, it is most likely that the probability for the DNA chain to relax towards the toroidal geometry increases with σ . The rationale behind this observation is most probably that the toroidal geometry reduces the bending energy of the DNA coil by allowing the DNA chain to form large loops with radius close to that of the confinement sphere, while still allowing demixing and compaction perpendicular to the plane of the torus. It is therefore expected that increasing σ , thereby making plectonemes more rigid, should favor relaxation towards the toroidal geometry. Quite importantly, the mean radius of equilibrated DNA coils with toroidal geometry is of the order of 85-90 nm, which is larger than the mean radius of torsionally relaxed DNA coils in the absence of any crowder (about 82 nm, see (4)). This is of course completely different from what is observed in the fourth row of Fig. 5 ,
where the toroidal geometry of the DNA coil is a direct consequence of the spherical geometry of the confinement chamber, which is specific to cocci. For non-spherical confinement chambers, like the capped cylinders specific to bacilli (including E. coli), DNA coils will rather relax towards more complex geometries which minimize both the bending energy of the DNA chain and the volume occupied by the coil.
CONCLUSION
The demixing of DNA from other macromolecules of the cytosol and the formation of plectonemes are two independent mechanisms, which are both able to compact the DNA coil.
In the present work, we investigated the interplay of these two mechanisms through coarsegrained modeling and Brownian dynamics simulations, with the goal of understanding how a topologically constrained DNA molecule compacts under the influence of non-interacting globular crowders. The model suggests that there exist three different regimes, depending on the superhelical density σ of the DNA molecule and the effective volume ratio ρ of the crowders:
(i) below a certain threshold for σ , the effects of the two mechanisms are additive, and the total compaction ratio of the DNA coil is the sum of the ratios due to demixing and to supercoiling. Compaction of supercoiled DNA is facilitated by the decrease of the diameter of the plectonemes with increasing values of ρ. ), where DNA-binding proteins reduce the number of supercoils to approximately one half of the value in protein-free samples (90, 91) . Owing to the approximations of the model, such an exact correspondence is likely to be fortuitous, but it still suggests that both the additive and the non-additive regime may be relevant in vivo, because most biological functions rely on alternative winding and unwinding of the circular DNA (92, 93) . Moreover, the translational diffusion coefficient of macromolecules is much smaller in bacterial cells than in water and in eukaryotic cells (94) , which indicates that the bacterial cytosol is indeed close to jamming. The regime predicted by the model, where the mean radius of the nucleoid increases with σ instead of decreasing, and the abrupt change of its geometry very close to the jamming threshold, may consequently also be relevant for living cells. Finally, while the explicit modeling of topological domains is beyond the scope of this work, the results presented above support the hypothesis that differences in DNA concentration between different macro-domains (51-57) may indeed reflect differences in the level of superhelical density of the corresponding topological domains (58,59), provided that these domains are in the additive regime. An interesting related question is that of topological insulators and, more precisely, of the nature of the constraints these proteins must exert on the DNA duplexes they bind to in order to prevent the diffusion of DNA supercoils (95) (96) (97) (98) . Work in this direction is in progress.
More generally, it may be worth emphasizing that there exist, in addition to DNA demixing and supercoiling, several other mechanisms that may contribute to the compaction of the bacterial DNA and the formation of the nucleoid (for a recent review, see for example
Ref. (4)). Each of these mechanisms, which have not been taken into account in the model proposed here, may interact additively or destructively with DNA demixing and supercoiling.
Of particular interest is the action of nucleoid proteins, which can bridge (like H-NS), bend (like IHF, HU, and Fis), or wrap (like Dps) the DNA molecule (99) . Cells lacking both HU and Fis have a large decondensed nucleoid (100), while the overproduction of H-NS leads instead to very compact nucleoids and may be lethal (101) . Moreover, most nucleoid proteins, like Fis (102, 103) , HU (104-106), H-NS (102, 107) , and IHF (108) are capable of inducing gradual and strong DNA compaction in vitro, although at concentrations much larger than in vivo ones (109) (110) (111) . It is known that nucleoid proteins interact with the underwinding of the DNA molecule (112) and are responsible for the fact that the number of supercoils in living cells is approximately one half of the value in protein-free samples (90, 91) . It may therefore be interesting in future work to introduce DNA-binding proteins in the model, as was done for example in Refs. (82) (83) (84) , in order to investigate the interplay of DNA demixing and supercoiling with the binding of nucleoid proteins. In contrast, compaction of the DNA molecule in eukaryotic cells is primarily due to its wrapping around histone proteins, with supercoiling and crowding by non-binding macromolecules playing a priori a minor role compared to prokaryotes. This problem is therefore rather different from the formation of the bacterial nucleoid and its study requires the development of quite different models (see for example Ref. (113) ).
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